Abstract. In this paper, we study the generalized Hyers-Ulam stability of EulerLagrange type cubic functional equation of the form
Introduction and preliminaries
A functional equation of the form f (2x + y) + f (2x − y) = 2f (x + y) + 2f (x − y) + 12f (x) (1.1)
Recall that the quasi-Banach space is an interesting generalization of a Banach space [7] . The stability of functional equations in quasi-Banach spaces was first studied by Najati and Moghimi [10] and Najati and Eskandani [9] . Recently, some results on stability of functional equations in quasi-Banach spaces were proved [3] , [14] . The key difference between a quasi-norm and a norm is that the modulus of concavity of a quasi-norm is greater than or equal to 1, while that of a norm is equal to 1. This causes the quasinorm to be not continuous in general, while a norm is always continuous. Moreover, a quasi-normed space is not normable in general.
In this paper, we investigate the generalized Hyers-Ulam stability of Euler-Lagrange type cubic functional equation of the form 2mf (x + my) + 2f (mx − y) = (m 3 + m)[f (x + y) + f (x − y)] + 2(m 4 − 1)f (y) (1.5) for all x, y ∈ X, where m is a fixed scalar such that m = 0, 1 and f maps from a quasinormed space X to a quasi-normed space Y over the same field with X by applying the alternative fixed point theorem.
Next, we introduce important definitions and some related results.
Definition 1.1 ([7]
). Let X be a vector space over the field K (R or C). A function · : X → R + is called a quasi-norm if it satisfies the following conditions:
(1) x = 0 if and only if x = 0; (2) rx = |r| x for all r ∈ K and all x ∈ X; (3) there is a constant κ ≥ 1 such that x + y ≤ κ ( x + y ) for all x, y ∈ X.
Also, (X, · , κ) is called a quasi-normed space. The smallest possible κ is called the modulus of concavity of · .
Definition 1.2 ([7]
). The sequence {x n } in a quasi-normed space (X, · , κ) is convergent to a point x in X if lim
x n − x m = 0, the sequence {x n } in X is called a Cauchy sequence. The space (X, · , κ) is called quasi-Banach space if every Cauchy sequence is convergent.
Definition 1.3 ([7]
). The quasi-norm · is called a p-norm if there exists a number p with 0 < p ≤ 1 such that
for all x, y ∈ X. Also, (X, · , κ) is called p-Banach space if · is a p-norm and X is a quasi-Banach space.
Then d is called a b-metric on X and (X, d, κ) is called a b-metric space. The following results involving a quasi-normed space with some p-norm are important tools for proving main results in this paper.
for all x ∈ Y . In particular, the quasi-norm | · | Y is a p-norm, and if · Y is a norm, then p = 1 and
Now, we recall the following fixed point theorem in complete generalized metric space.
, Theorem on page 306). Let (X, d) be a complete generalized metric space and let T : X → X be a map satisfying d(T x, T y) ≤ Ld(x, y) for all x, y ∈ X and for some 0 ≤ L < 1. Then for each x ∈ X, we have
Remark 1.8. The conclusion (2a) was not stated in the original version but it is reduced easily from the following inequality
for all x ∈ X.
Main results
First, we construct a generalized metric from a given generalized b-metric as follows.
Theorem 2.1. Let (X, D, κ) be a generalized b-metric space, 0 < p ≤ 1 satisfying p = log 2κ 2, and
for all x, y ∈ X. Then δ is a generalized metric on X satisfying
Proof. For all x, y ∈ X, we find that 0 ≤ δ(x, y) ≤ ∞; δ(x, y) = δ(y, x) and δ(x, y) ≤ D p (x, y).
We will show that for all x 0 = x, x 1 , . . . , x n = y ∈ X,
by using the strong mathematical induction on n ≥ 2. For the case n = 2, we need to prove that
and so
Next, we suppose that (2.3) holds for all n ≤ k ∈ N−{1}. Let x = x 0 , x 1 , . . . , x k , x k+1 = y ∈ X. We need to show that
. Therefore (2.8) holds. So we may assume that 1 ≤ m ≤ k − 1. We find that
Now, applying the induction hypothesis for
Then (2.8) holds which complete the proof by induction on n of (2.3). From (2.1) we have
(2.11) Then for all x, y, z ∈ X we obtain
From (2.12) we find that δ(x, y) = 0 if and only if x = y. We will show the triangle inequality of δ, that is, δ(x, y) ≤ δ(x, z) + δ(z, y). (2.13) For x, y, z ∈ X we consider the following cases. 
We find that
which is a contradiction. So δ(x, z) = ∞ or δ(z, y) = ∞. This proves that (2.13) holds.
Case 2. δ(x, y) < ∞. If δ(x, z) = ∞ or δ(z, y) = ∞ then (2.13) holds. So we may assume that δ(x, z) < ∞ and δ(z, y) < ∞. Then for each ǫ > 0, there exist
This proves that (2.13) holds.
Finally, if D is a generalized metric then p = 1. Then for all x, y ∈ X and x 0 = x, x 1 , . . . , x n = y we have D(x, y) ≤ n i=1 D(x i−1 , x i ). This implies that D(x, y) ≤ δ(x, y). So we have δ = D.
Next, we present the following fixed point theorem which is an analogue of Theorem 1.7 in generalized b-metric spaces. This result is an important tool to formulate our stability results.
Theorem 2.2. Let (X, D, κ) be a complete generalized b-metric space and T : X → X be a map satisfying D(T x, T y) ≤ LD(x, y) for all x, y ∈ X and some 0 ≤ L < 1. Then for each x ∈ X, we have 
Proof. Let δ be defined by (2.1). Then by Theorem 2.1, δ is a generalized metric on X satisfying
is a complete generalized b-metric space, we find that (X, δ) is a complete generalized metric space. For all x, y ∈ X, x 0 = x, x 1 , . . . , x n = y ∈ X and n ∈ N we have
This implies that
Note that 0 ≤ L p < 1. So applying Theorem 1.7 for the map T on the complete generalized metric space (X, δ), we have
2) or the following assertions hold:
(a) lim
, where x * is a fixed point of T ;
By (2.2) we find that
, where x * is a fixed point of T .
Moreover by (2.2) we have for all n > N,
Next, we will investigate the stability of an Euler-Lagrange type cubic functional equation (1.5) on quasi-normed spaces by applying Theorem 2.2 with the following remark. 
for all x ∈ X. for all x, y ∈ X.
(2)
for all x, y ∈ X Then there exists a unique map q : X → Y satisfying (1.5) and
for all x ∈ X with p = log 2κ Y 2.
for all g, h ∈ S, where inf ∅ = ∞. First, we will show that d is a generalized b-metric. Let g, h, u ∈ S. It is easy to see that
Here, we will claim the last property of a generalized b-metric. For each x ∈ X, we have
It follows that for all x ∈ X,
Therefore, d is a generalized b-metric with the coefficient κ Y on S.
Next, we will show that (S, d, κ Y ) is complete. Let {f n } be a Cauchy sequence in (S, d, κ Y ). Then we have lim n,m→∞ d(f n , f m ) = 0. Note that for all x ∈ X, we have
= y, we have the map g : X → Y . We will show that lim
Indeed, for each ǫ > 0 there exists n 0 such that d(f n , f m ) < ǫ for all n, m ≥ n 0 . So from (2.18), for all x ∈ X and n, m ≥ n 0 we have
Letting m → ∞ in (2.19) we get for all x ∈ X and n ≥ n 0 ,
This implies that for all x, y ∈ X, So q is satisfying (1.5). By Lemma ??, we have q is a cubic map.
Finally, we prove the uniqueness of q. Suppose that h : X → Y is also a cubic map satisfying (2.16). We need to show that h = q. It follows from Remark 2.3 that q(mx) = m 3 q(x) and h(mx) = m 3 h(x). By using (1.7), (2.14) and (2.16), for each n ∈ N, 
